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A network flow model is presented for synthesizing crystallization-based separations
for multicomponent systems. The construction of the network flow is based on the
identification of feasible thermodynamic states. The method allows consideration of
se®eral operation temperatures, complex solid] liquid equilibrium beha®ior, and se®eral
multicomponent feeds and products. For systems with two solutes a linear programming
model is obtained, while for systems with three or more solutes a nonlinear program-
ming model is obtained. The relati®e composition diagram is proposed to determine
feasible operation points. For a small problem the relati®e composition diagram can be
used to recognize flowsheet alternati®es. For large problems, the relati®e composition
diagram allows one to decrease the nodes in the network, thus decreasing the execution
time. The technique is illustrated with three example problems.

Introduction

Multicomponent separation sequences are an important
part of almost all chemical processing systems. Because of
the significant role that separation processes play in the total
capital investment and annual operating cost for a chemical
plant, a great deal of interest has been generated in the de-
velopment of systematic approaches that will select optimum
separation sequences.

Crystallization-based separation has a wide variety of in-
dustrial applications, including production of potassium chlo-
ride, potassium sulfate, sodium sulfate, potassium nitrate, and

Ž .sodium chloride Butts, 1994 . The technique consists of se-
quences of heating, cooling, evaporation, dilution, solventing-
out, salting-out, and solid]liquid separations.

Most of the previous research on crystallization-based sep-
aration synthesis has focused upon identification and gener-
alization of separation schemes on the phase diagram. Exam-

Ž .ples of these works are Berry and Ng 1996, 1997 , Cisternas
Ž . Ž . Ž .and Rudd 1993 , Dye and Ng 1995 , Ng 1991 , and Oy-
Ž .anader et al. 1997 . However, several systems are difficult to

analyze in the phase diagram. Examples of those systems are
Ž .a systems that have complex solid]liquid equilibrium behav-

Žior formation of several double salts, hydrate and anhydrous
. Ž .salts, etc. ; b processes with several feeds and product spec-
Ž . Ž .ifications pure, mixtures, solid, solutions, etc. ; c processes

Ž .with several operation temperatures; d processes with mix-
Ž .ing and division of streams; and e systems that have more

than two degrees of freedom and are therefore difficult to
represent on a phase diagram.

Ž .Recently, Cisternas and Swaney 1998 presented a new
procedure for the synthesis of crystallization-based separa-
tion. The method consists of the construction of a network
flow model to represent the set of potential separation flow-
sheet structures. The solution of the network flow model
shows the optimal mass flow pattern between the candidate
operation states. The approach presented by Cisternas and
Swaney does not need the phase-diagram representation, and
therefore complex systems can be studied. However, the
method as was presented cannot be applied to systems with
three or more solutes, because the method allows only one
solid specie to precipitate at each node, and coprecipitation
of two or more solids might be needed for systems with three
or more solutes. Although the Cisternas and Swaney model
can be solved using standard optimization packages, the con-
struction of the network can be difficult to do by hand for
complex systems.

This work presents a procedure for the synthesis of crystal-
lization-based separation with two or more solutes. This

Žproblem can be stated as follows Cisternas and Swaney,
. Ž1998 : Given a set of feeds containing a set of species solutes

.and solvents and a set of allowed candidate operating tem-
peratures, synthesize a process flow sheet that will separate
the feed streams into product streams of specified composi-
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tions at minimum total cost. The desired products are to be
isolated from multicomponent feed streams utilizing frac-
tional crystallization. The procedure is based upon a mathe-
matical programming approach. The basic idea in this
approach is to derive a network that has embedded all feasi-
ble configurations of separation sequences. The optimal sep-
aration sequence that can separate multiple feeds into sev-
eral multicomponent products is generated by minimizing an
objective function expressed in terms of the material flows.

The procedure presented is based on four simple observa-
tions. First, the process is represented in a network of nodes
and arc. Each node represents a particular thermodynamic
state. The crystallization, dissolution, evaporation, dilution,
salting-out, and coprecipitation steps are represented in terms
of material flows between thermodynamic equilibrium states.
Arc represents the material flows between nodes. Second, al-
though practical operations do not operate at a point of mul-
tiple saturation, they operate as close as practical to these
points to maximize product recovery. Third, the relative com-
position can be used to reduce the network with no loss of
generality. Fourth, investment costs and operating costs of
fractional crystallization systems are increasing functions of
the evaporation, dilution, and recycle rates.

Synthesis Strategy
The procedure presented for the synthesis of fractional

separation sequences consists of the following steps:
Ž . Ž1 The n-component system is divided in all possible ny
. Ž .1 -component systems, and the ny1 -component systems are

Ž .divided in all possible ny2 -components systems, and so on
until two solute systems are reached. A network is derived
for each system based on key thermodynamic states as will be
explained later. Each network contains unknown stream con-
nections that may determine several arrangements, stream
splitting, and stream mixing.
Ž .2 The overall network is then considered to be the aggre-

gate of all networks for each system.
Ž .3 The overall network is formulated as a nonlinear pro-

Ž .gramming NLP problem whose objective is to minimize the
Žtotal cost in the examples of this article the total flow rate is

.used as an approximation , and that constrains the mass bal-
ances, flow-rate specification, and composition specifications.
Ž .4 The solution to the NLP problem of step 3 provides

the optimal separation system, the flow rates of the corre-
sponding streams, and the composition of streams with un-
known composition.

The examples show that many streams in the network tend
to be deleted, which implies that the selected optimal separa-
tion sequence is not a complicated one.

Network Construction
The important feature of the proposed network flow model

is that the network can be partitioned into a set of networks
that correspond to each combination of solutes. Thus, the

Žn-component system is divided into all combinations of ny
. Ž .1 -component systems, and the ny1 -component systems are

Ž .divided into all possible ny2 -component systems, and so
on until two solute systems are reached. A two-solute system
corresponds to a ternary system if the solvent is included.

Each system network is derived in such a way that all config-
urations of interest for the separation process are embedded
in it.

First, the construction of a network is explained for a
ternary system, and then a quaternary system is used to ex-
plain the construction of a network for multicomponent sys-
tems.

Ternary systems
A typical partial cycle is shown on the ternary phase equi-

Ž .librium diagram in Figure 1a Fitch, 1970 . The solvent con-
centration of the solution at the hot point of multiple satura-
tion H is adjusted by dilution to form point b. When the
temperature changes, the solution at point b forms an equi-
librium mixture of a salt 2 and a solution at the cold point of
multiple saturation C. The solvent concentration of the point
C is adjusted by evaporation to get point a, which upon a
temperature change forms an equilibrium mixture of salt 1
and a solution at the hot point of multiple saturation H. This
completes the partial cycle.

If a feed F is included to complete the cycle, then three
alternative process configurations are possible. The first al-
ternative consists of mixing feed F with solution C, and a
second alternative consists of mixing feed F with solution H.
These alternatives were analyzed by Cisternas and Rudd
Ž .1993 . Finally, a third alternative consists of splitting the feed
into two streams, one to mix with point C and another to mix
with point H. This last alternative was analyzed by Cisternas

Ž .and Swaney 1998 .
For any processing cycle to function, two conditions need

Ž .to be met: 1 the relative compositions at the solutions at the
Ž .multiple saturation points H and C must differ. The rela-

Ž .tive composition R is defined Cisternas and Rudd, 1993 as
the mass ratio of salt 1 to salt 2. The relative composition at
the hot and cold multiple saturation points are denoted R H

and RC. In Figure 1b, the relative composition is represented
Ž .by the dilution rays that pass through points H and C. 2 A

crystallization step is possible if between the relative compo-
sition of the multiple saturation points and the relative com-
position of the salt in equilibrium with the solution, there is
at least another multiple saturation point or intermediate so-
lute point. For example, at the cold multiple saturation point
C of Figure 1 salt 2 can be crystallized if the solution H is
used as the starting point. On the other hand, at point C it is
not possible to crystallize salt 1 because there is no starting

Ž Salt1 C .point any point with R between R and R . In the same
way, the hot multiple saturation point H can only be used to
crystallize salt 1 if the solution at point C is used as the start-
ing point. Table 1 summarizes these conclusions. Figure 1c
shows a diagram with the relative composition of the multiple
saturation points and solid phases. This diagram, which will
be called the relati®e composition diagram, can be used to ar-
rive at these conclusions more easily.

The diagram of Figure 1c, and therefore Table 1, can be
constructed without drawing the phase diagram. This is im-
portant when the phase diagram is difficult to construct; for
example, when several temperatures want to be considered
or the system has more than two solutes.

Since more than one solute may crystallize at a multiple
saturation point, operation exactly at these points is not pos-
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Figure 1. Partial cycle for the separation of salt 1 and
salt 2.
Ž . Ž .a Vector path on the phase diagram. b Relative composi-

Ž .tions. c Relative composition diagram.

sible. Therefore, after the theoretical feasible operation
points are selected, practical operation points can be selected
near the actual multiple saturation points. For example, in
Figure 1b points CX and H X can be used. If the difference
between the relative composition of points CX and H X de-
creases, then the recycle flow rates between these points in-
crease. So, practical operation points must be as close as pos-
sible to multiple saturation points. For instance, in Perry et

Ž .al. 1984 , a 95]98% approach is reported as normally possi-

Table 1. Feasible and Unfeasible Operation for the
Phase Diagram of Figure 1

Can Be Used Starting
Point to Precipitate with Point Because

C H Salt 2C Salt 2 H R ) R ) R
Salt 1 C HH Salt 1 C R ) R ) R

Cannot be Used Because There is No
Point to Precipitate Starting Point Between

Salt 1 CC Salt 1 R and R
H Salt 2H Salt 2 R and R

ble with inorganic salts. For simplicity, multiple saturation
points are used in this work as operation points.

The selection of the operating temperatures can be made
so that a significant difference in the relative composition is
achieved.

With the information in Table 1 the network of Figure 2
can be constructed. Nodes C and H are the operation points
that can produce salt 2 and salt 1, respectively. Water can be

Ž . Žadded a dilution or leaching step or removed an evapora-
. Ž .tion step . This network represents three alternatives: 1 feed

Ž .is mixed with solution H; 2 feed is mixed with solution C;
Ž .and 3 feed is divided in two streams, one of which is mixed

with solution H, while the other is mixed with solution C.
The choice between these alternatives depends on the com-
position of the feed, solution C, and solution H.

Multicomponent systems
The method to be developed in this subsection is similar to

the one just used for ternary systems, only more varieties are
possible. Because the graphical representation of multicom-
ponent systems is very complicated, the method will be ex-
plained in detail only for four-component systems. However,
the method applies in general to multicomponent systems.

A four-component system can be represented in a two-
dimensional representation if the temperature and pressure
are fixed, and if the system is saturated with at least one solid
phase. Figure 3 shows the phase equilibrium diagram at two
temperatures. All points on this diagram are saturated solu-
tions. Salt 1, salt 2, and salt 3 can be anhydrous or hydrate
salt. Isothermal evaporation of any initial solution must end
in the point representing a solution saturated with the three
substances.

A typical partial cycle for this kind of system is shown in
Figure 3a. The solvent and salt-3 concentration of the solu-
tion at the hot point of multiple saturation H are adjusted by
dilutionrevaporation and salting-out, respectively, to form
point b. When the temperature changes, the solution at point

Figure 2. Network structure.
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Figure 3. Partial cycle for the separation of salt 1 and
salt 2 using salt 3 as pseudosolvent.
Ž . Ž .a Vector path on the phase diagram. b Relative composi-

Ž .ton. c Relative composition diagram.

b forms an equilibrium mixture of salt 2 and a solution at the
cold point of multiple saturation C. The solvent concentra-
tion of point C is adjusted to get point a, which when the
temperature changes forms an equilibrium mixture of salt 1,
salt 3, and a solution at the hot point of multiple saturation
H. This completes the partial cycle. Salt 3 is called the pseu-
dosolvent because it participates in the dissolution or crystal-
lization of other components.

Table 2. Feasible and Unfeasible Operation for the
Phase Diagram of Figure 3

Can Be Used Starting
Point to Precipitate with Point Because

C H Salt 2C Salt 2 by salting out H R ) R ) R
with salt 3

C H Salt 2C Salt 2 and salt 3 H R ) R ) R
Salt 1 C HH Salt 1 by salting out C R ) R ) R

with salt 3
Salt 1 C HH Salt 1 and salt 3 C R ) R ) R

Cannot be Used Because There is No
Point to Precipitate Starting Point Between

Salt 1 CC Salt 1 R and R
H Salt 2H Salt 2 R and R

The method follows a similar course to the method for
Žternary systems: however, since salt 3 can be added salting-

. Ž .out or removed coprecipitation , more alternatives need to
be considered. In Figure 3b the relative composition is repre-
sented by the solventing-outrcoprecipitation rays that pass
through points H and C. Figure 3c shows the relative compo-
sition diagram for this case. Based on Figure 3c, it is possible
to construct Table 2, and then to construct the network for
this system with salt 3 as a pseudosolvent.

The information in Table 2 can be used to construct the
network of Figure 4. Nodes C and H are the operation points
that can produce salt 2, salt 2qsalt 3, salt 1, and salt 1qsalt

Ž .3. Water can be added a dilution or leaching step or re-
Ž .moved an evaporation step . Salt 3, the pseudosolvent, can

Ž . Žbe added a salting-out step or removed a coprecipitation
.step . In this figure, the open arrows represent the numerous

feasible interconnecting paths that have been omitted for
clarity.

For any quaternary system there are three possible partial
cycles like the one shown in Figure 3, depending on which
salt is considered to be the pseudosolvent. A network can be
constructed for each partial cycle. Because these networks
separate the quaternary mixture into single salts and two-

Ž .solute systems ternary systems , it is necessary to construct a
network for each possible ternary system. An overall network
can be constructed by combining these networks.

Usually a crystallizer is operated as close as practical to
multiple saturation point to maximize product recovery; how-

Figure 4. Network structure for the separation of salt 1
and salt 2 using salt 3 as pseudosolvent.
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Figure 5. Alternative operation points.

ever, in systems with three or more solutes this can mean
coprecipitating two or more salts. Therefore, other saturated
solutions can be added to the set of potential operation points.
For example, in Figure 5 points CX and H X can be added as
potential operation points to the points H and C. It is also
possible to eliminate schemes where valuable salts are used
to salt out salts of little value merely by eliminating salting-out
nodes.

Anhydrous or hydrated multiple salts
Formation of multiple salts is a common characteristic of

inorganic systems. These multiple salts can be thought of as
intermediate products that need further processing. Such
processing can be easily included in the network representa-
tion. This is explained by Example 2, which includes several
double salts.

Mathematical Formulation
Now that we have derived the network for the separation

problem, we present the nonlinear programming formulation
for the optimum selection of the separation sequence. To de-
rive the mathematical formulation of the NLP problem, the
following sets are defined to characterize the topology of the
network. First, the set of nodes is defined as:

� 4Ss s, all nodes in the system .

This set includes feeds, products, multiple saturation points
or operation points, and intermediate solute products. The
components, solutes, and solvents are denoted by the set Is
� 4i . The arcs, which denote streams between nodes, are de-

� 4noted by Ls l . The following subsets are defined:

<� 4L s l lg L, with composition specifiedN

<� 4L s l lg L, with composition not specifiedUN

<�S s s sgS, feed nodes with flow ratesF

4of specie ig I specified

<�S s s sgS, product nodes with flow ratesP

4of specie ig I specified

<�S s s sgS, multiple saturation nodes andM

4intermediate solute product

<�S s s sgS, intermediate solute productS

4with unknown composition

in <S s s l l g L, is an inlet to node s, sgS� 4Ž . M

out <S s s l l g L, is an outlet from node s, sgS� 4Ž . M

S in s sS in s l LŽ . Ž .N N

Sout s sSout s l LŽ . Ž .N N

S in s sS in s l LŽ . Ž .UN UN

Sout s sSout s l LŽ . Ž .UN UN

<F s s l l g L, is an outlet from node s, sgS� 4Ž . F

<P s s l l g L, is an outlet to node s, sgS� 4Ž . P

<I s s i ig I , is a component specified in node s, sgS� 4Ž .P P

<I s s i ig I , is a component specified in node s, sgS .� 4Ž .F F

Each stream l is associated with the variable mass flow rate
w and with the composition of each component. If the com-l
position of component i of stream l is known, then it is
represented by the parameter x . If the composition of com-l, i
ponent i of stream l is unknown, then it is represented by
the variable z .l, i

Having defined the sets, parameters, and variables that de-
scribe the overall network for the separation problem, we can
provide the constraints that apply, as follows:

v Mass balances for operation point nodes:

w y w s0 sgS . 1Ž .Ý Ýl l M
in outŽ . Ž .l g S s l g S s

v Mass balance for each component in operation point
nodes:

w ? x q w ? z y w ? xÝ Ý Ýl l , i l l , i l l , i
in in outŽ . Ž . Ž .l g S s l g S s l g S sN U N N

y w ? z s0 sgS , ig I. 2Ž .Ý l l , i M
out Ž .l g S sU N

v Specification for feeds flow rates:

w ? x sC F sgS , ig I s , 3Ž . Ž .Ý l l , i s , i F F
Ž .l g F s

where C F is the desired flow rates of specie i in feed s.s, i
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v Specification for product flow rates:

w ? x sC P sgS , ig I s , 4Ž . Ž .Ý l l , i s , i P P
Ž .l g P s

where C P is the desired quantity of component i in the finals, i
product s.

v Equality of composition for the inlet and outlet streams
of the intermediate product nodes with unknown composi-
tion:

z s z l gS in s , mgSout s , sgS . 5Ž . Ž . Ž .l , i m , i U N U N S

v Nonnegativity and composition constraints:

1G z G0 w G0 6Ž .l , i l

The objective function minimizes the venture cost. The fol-
lowing equation can be used as an objective function,

a

min C ? w q C ? wÝ Ý Ý Ýs l s l
w , z inl l , i sg S sg S Ž .l g F sŽ .l g S sM F

q C ? w , 7Ž .Ý Ýs l
sg S Ž .l g P sP

where C is the weighted cost coefficient. The first term ons
the lefthand side of Eq. 7 represents the annual capital cost,
and the second and third terms represent the annual opera-
tion cost of raw material and products, respectively. Product
costs count for solvent evaporation and residue loss. For the
purposes of this study, all the C are equal to 1 and a s1.s

Thus, the objective function in Eq. 7, subject to constraints
in Eqs. 1 to 6, defines a nonlinear programming problem in
which the variables to be optimized are mass flow rates wl
and the compositions z . The numerical solution to the NLPl, i
problem can be obtained with standard algorithms. In this
work MINOS was used. The optimal solution of this NLP
problem provides the separation system that can transform
the multicomponent feed streams into the desired products.

An important question that arises on the validity of the
proposed NLP formulation is whether a practical separation
configuration can result from the imposed network. As was

Ž .indicated by Floudas 1987 , the recycle streams tend to take
values of zero for the flow rates, which means that relatively
simple separation sequence structures are to be expected
when this approach is used.

Examples
In order to illustrate the procedure, three examples will be

considered.

Example 1: Potash production
This example considers the production of potassium chlo-

Ž .ride from 100 units of sylvinite 47.7% KCl, 52.3% NaCl .
Ž .This example was studied by Cisternas and Rudd 1993 , Ra-

Ž . Ž .jagopal et al. 1988 , and Cisternas and Swaney 1998 . This
small problem was selected to explain the synthesis ap-

Table 3. Data for Example 1

Saturated Solution, wt. %Temp. Solid
Key 8C KCl NaCl H O Phases R2

C 30 11.7 20.25 68.05 KClqNaCl 0.58
H 100 22.20 15.90 61.9 KClqNaCl 1.40

proach. Data on phase equilibrium for the system KCl]
Ž .NaCl]H O from Linke and Seidell 1965 and the relative2

composition are given in Table 3. KCl was chosen to be salt 1
and NaCl to be salt 2, but this selection in no way restricts
our analysis, and the same results would be obtained if NaCl
were chosen as salt 1.

The full network can be easily generated using the relative
composition diagram in Figure 6a. The feasible operations
consist of:
Ž .1 Point H can be used to precipitate NaCl, starting with

the saturated solution C. This is clear because H is in equi-
librium with NaCl, and the relative composition of point C,
RC, is between R H and RNaCl.
Ž .2 Point C can be used to precipitate KCl, starting with

the saturated solution H. Note that in this case C is in equi-
librium with KCl, and the relative composition of point H is
between RC and RKCl.
Ž .3 Feed can be added to operation points H and C.
Ž .4 Water can be added or removed from points H and C.
The network structure in Figure 6b employs seven nodes

and ten arcs. Node 1 is the sylvinite feed node, which can be
added to nodes 3 and 4. Nodes 3 and 4 correspond to the
multiple saturation points at the hot and cold temperatures,

Figure 6. Relative composition diagram and network
structure for Example 1.
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Figure 7. Solution flow and corresponding flow sheet
for Example 1.

respectively. Node 3 allows the separation of NaCl, whereas
node 4 allows the separation of KCl. Nodes 5 to 7 are prod-
uct nodes. The allowed streams are also shown in Figure 6b.
For example, w represents the mass flow rates from node 23
to node 3.

For this example, the mathematics model corresponds to a
linear programming problem because the only variables are
the flow rates. All the compositions are known.

The solution to this example corresponds to the following
flow rates: w s 83.413, w s16.587, w s 344.264, w s1 2 5 6
313.151, w s52.3, w s47.7. Figure 7 shows the network7 10
solution and the flow-sheet structure corresponding to the
solution. The solution found is the same as that found by

Ž .Cisternas and Swaney 1998 , where the sylvinite was divided
into two parts. Cisternas and Swaney used a nine-node net-
work and 48 single variables, whereas in this work a seven-
node network and eleven single variables were used. This
allows reduction of the execution time by over 90% using
GAMSrMINOS.

In this case, the reduction in the execution time is not im-
portant, because this is a very small problem. However, using
the relative composition diagram allows the operation nodes
Ž .multiple saturation nodes to be reduced from four to two.
As a result, the three flow-sheet alternatives can be examined
from the network in Figure 6b. Therefore, the relative com-
position diagram can be used to study flowsheet alternatives
without it being necessary to optimize the small problems.

Table 4. Data for Example 2

Saturated Solution, wt. %Temp. Solid
Key 8C MgSO Na SO H O Phase4 2 4 2

C 18.7 20.57 11.8 67.63 Mg qNa7 10
D1 25 21.15 13.0 65.85 Mg qDS17
D2 25 16.6 17.8 65.6 DS1qNa10
E1 50 31.32 4.74 63.94 Mg qDS16
E2 50 11.98 23.25 64.77 DS1qNa
F1 97 32.2 5.55 62.25 Mg qDS21
F2 97 14.4 19.15 66.45 DS2qDS3
F3 97 5.88 26.9 67.22 DS3qNa

Mg sMgSO ?7H O; Mg sMgSO ?6H O; Mg sMgSO ?H O7 4 2 6 4 2 1 4 2
Na sNa SO ?10H O; NasNa SO10 2 4 2 2 4
DS1sMgSO ?Na SO ?4H O4 2 4 2
DS2 sMgSO ?Na SO4 2 4
DS3sMgSO ?3Na SO4 2 4

Example 2: Separation of magnesium sulfate and sodium
sulfate from astrakanite

This example was presented by Cisternas and Swaney
Ž .1998 . The problem consists of separating magnesium sulfate
and sodium sulfate from 100 units of the double salt as-
trakanite, MgSO ? Na SO ? 4H O. Equilibrium data from4 2 4 2

Ž .Linke and Seidell 1965 are shown in Table 4. This system
presents several temperature regions: first, double salt will
not form at low temperatures; then there is a region where
one double salt will form; and at high temperatures two dou-
ble salts will form. Figure 8 shows the phase diagram of this
system. The design of alternative process flow sheets for this
system is complex if two temperatures are considered as op-
eration points, but it is even more difficult if more than two
temperatures are considered, because the phase diagram will
become more complex, and there will be many alternative
process flow sheets.

Figure 8. Phase diagram for the MgSO –Na SO –H O4 2 4 2
system.
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Figure 9. Relative composition diagram for Example 2.

The full network can be easily generated using the relative
composition diagram in Figure 9. In this case, magnesium
sulfate was chosen to be salt 1, and sodium sulfate was cho-
sen to be salt 2. There are three intermediate products: DS1,
DS2, and DS3. The double salt 1 and double salt 2 have the
same relative composition. From Figure 9 it is clear that E1
cannot be used to precipitate MgSO , D2 cannot be used to4
precipitate DS1, F2 cannot be used to precipitate DS2, and
F3 cannot be used to precipitate DS3 and Na SO . Then,2 4
the feasible operations consist of:
Ž .1 Point E1 can be used to precipitate DS1, starting with

saturated solutions F1, C, D1, and D2. This is clear because
E1 is in equilibrium with DS1 and the relative composition of
points F1, C, D1, and D2 are between R E1 and RDS1.

2. Point F1 can be used to precipitate MgSO , starting4
with the saturated solution E1, and can be used to precipi-
tate DS2, starting with saturated solutions C, D1, and D2.

3. Point C can be used to precipitate MgSO , starting with4
saturated solutions E1 and F1. Also, point C can be used to
precipitate Na SO , starting with saturated solutions D1, D2,2 4
F2, E2, and with intermediate products DS1, DS2, and DS3.

4. Point D1 can be used to precipitate MgSO , starting4
with saturated solutions E1, F1, and C. Also, it can be used
to precipitate DS1, starting with the saturated solution D2.

5. Point D2 can be used to precipitate Na SO , starting2 4
with saturated solutions F2, E2, and with intermediate prod-
uct DS3.

6. Point F2 can be used to precipitate DS3, starting with
the saturated solution E2.

7. Point E2 can be used to precipitate DS1, starting with
the saturated solution F2, and it can be used to precipitate
Na SO , starting with the intermediate product DS3.2 4

8. Feed can be added to the operation points C, D1, D2,
E1, E2, F1, and F2.

9. Water can be added or removed from points C, D1,
D2, E1, E2, F1, and F2.

The network structure in Figure 10 employs 19 nodes and
83 arcs. In the figure, the open arrows represent the feasible
interconnecting paths that have been omitted for clarity. Node
1 is the astrakanite feed node, which can be added to nodes
3]13. These nodes correspond to the multiple saturation

points, while nodes 14, 15, and 16 correspond to intermediate
products, and nodes 17]19 are product nodes. The allowed
streams are also shown in Figure 10.

For this example, the mathematical model corresponds to
a linear programming problem, because all the compositions
are known. Thus, the only variables are the flow rates.

The solution to this example corresponds to the following
nonzero flow rates: w s 100.000, w s 242.316, w s5 16 25
340.662, w s 55.600, w s 94.651, w s152.488, w s26 41 46 59
94.651, w s 96.304, w s 73.680, w s 149.123, w s63 64 70 75
23.209. Figure 11a shows the network solution, and Figure
11b shows the structure corresponding to the solution. This
example demonstrates the ability of the network flow method

Figure 10. Network structure for Example 2.
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Figure 11. Solution flow and corresponding flow sheet
for Example 2.

to choose from among several alternate temperatures. In this
case, the optimal solution considers the operation at three
temperatures.

The solution found is the same as that found by Cisternas
Ž .and Swaney 1998 , where the astrakanite is leached at 18.78C.

Cisternas and Swaney used a 24-node network and 908 single
variables, while we used a 19-node network and 83 single
variables in this work. Also the Cisternas and Swaney model
uses over 1000 single equations, while this work uses 60 equa-
tions. This allows a reduction in execution time by 90% using
GAMSrMINOS.

The solution includes two evaporation steps and one dilu-
tion step. The astrakanite is leached at 18.78C, leaving the
sodium sulfate precipitated. Magnesium sulfate is crystallized
by cooling and evaporating at 258C. Only one of the three
double salts, astrakanite, is used in the flow sheet. Astrakan-
ite is precipitated by evaporation at 508C.

Example 3: Production of potassium salts
We seek to separate an aqueous solution of 11.5% KCl,

19.8% KNO , 3.3% K SO , and 65.4% water. Equilibrium3 2 4
Ž .data from Linke and Seidell 1965 are shown in Table 5.

Points C1 and H1 correspond to multiple saturation points
of the quaternary system KCl]KNO ]K SO ]water, where3 2 4
as points C2] C4 and H2] H4 correspond to multiple satu-

Table 5. Solubility Data for the System
KClHKNO HK SO HH O3 2 4 2

gr100 g of
Saturated SolutionT Solid

Ž .Key 8C KCl KNO K SO Phase3 2 4

C1 25 21.6 14.6 0.9 KClqKNO qK SO3 2 4
C2 0.0 25.4 4.0 KNO qK SO3 2 4
C3 26.0 0.0 1.1 KClqK SO2 4
C4 21.9 14.6 0.0 KClqKNO3

H1 75 15.6 43.9 0.7 KClqKNO qK SO3 2 4
H2 0.0 59.3 1.3 KNO qK SO3 2 4
H3 32.3 0.0 1.4 KClqK SO2 4
H4 15.5 46.3 0.0 KClqKNO3

Ž .Source: Linke and Seidell 1965 .

ration points of the ternary systems. This example was
selected to illustrate application of the method to multicom-
ponent systems.

The approach to solving this problem is similar to those
previously used for ternary systems, only more variations are
possible. First, a network is constructed for each salt as pseu-

Figure 12. Relative composition diagrams for Example
3.
Ž . Ž . Ž .a KCl as pseudosolvent. b KNO as pseudosolvent. c3
K SO as pseudosolvent.2 4
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Figure 13. Network structure for relative composition
diagram in Figure 12a.

dosolvent for the quaternary system. Three relative composi-
tion diagrams are constructed, as in Figure 12. One salt is
considered to be the pseudosolvent, and relative composi-
tions are calculated using the other two salts. A network is
constructed for each relative composition diagram. For exam-
ple, Figure 13 shows the network for the relative composition
diagram of Figure 12a. In this case, point H1 can be used to

Ž .precipitate K SO , but since KCl can be added salting-out2 4
Ž .or removed coprecipitation , two nodes need to be consid-

ered. In the same way, point C1 can be used to salt-out KNO3
or to coprecipitate KNO and KCl. Nodes a and b in Figure3
13 correspond to intermediate products where the composi-
tions are unknown.

Second, relative composition diagrams and networks are
constructed for each ternary system. These networks are used
to allow the processing of intermediate products.

Third, the full network can be easily generated as the ag-
gregate of all networks. Figure 14 shows the overall network
for the example. The network structure employs 28 nodes and
126 arcs. Node 1 is the aqueous-solution feed node, which
can be added to nodes 6]15. Nodes 3]5 are salt feeds to
allow salting-out operations. Nodes 6]15 correspond to the
multiple saturation points for the quaternary system, and
nodes 19]24 correspond to the multiple saturation points for
the ternary system. Nodes 16]18 are intermediate products,
and nodes 25]28 are product nodes. For simplicity, only some
of the allowed streams are shown in Figure 14.

For this example, the mathematics model corresponds to a
nonlinear programming problem, because the compositions
of the input and output streams to and from nodes 16]18 are
unknown. All the other compositions are known. This prob-
lem has 155 single equations and 167 single variables. The
problem was solved with MINOS 5.3 using GAMS on a PC.

Figure 15 shows the network solution, and Figure 16 shows
the flow-sheet structure corresponding to this solution. This
solution corresponds to the same kind of solution that can be

Ž .found with the Cisternas and Rudd 1993 method, except
that the intermediate product of node 16 is divided into two
to feed nodes 19 and 20. However, this does not mean that
the only feasible solution is composed of simple cycles, be-

Figure 14. Overall network structure for Example 3.

cause multiple coupled cycles are allowed in the overall net-
work.

Conclusions
The synthesis problem of separating one or several multi-

component streams into several multicomponent or pure-
product streams by fractional crystallization has been consid-
ered. The synthesis approach proposed is based upon a flow
network superstructure that has embedded streams between
several key states. Optimizing this network through a nonlin-
ear programming formulation, solution networks are derived
that can be transformed to feasible flow sheets.

The construction of the network is accomplished by select-
ing appropriate equilibrium points at several temperatures.
The relative composition diagram is used to screen feasible
nodes, which allows a decrease in the number of nodes in the
network, and consequently the number of equations and vari-
ables in the mathematical model.

Ž .The principal advantages of the method presented are 1
Ž .the ability to handle systems with three or more solutes; 2

Figure 15. Solution flow for Example 3.
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Figure 16. Corresponding flow sheet of solution flow of Figure 15.

the ability to handle several temperatures as potential opera-
Ž .tion conditions; 3 the ability to handle systems by the for-

Ž .mation of double salts; 4 the possibility of considering sev-
Ž .eral feeds and products; and 5 consideration of the general

process flow patterns.
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